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Abstrat
The formalism to desribe the sattering of a weakly bound projetile nuleus by
a heavy target is investigated, using the Unorrelated Sattering Approximation.
The main assumption involved is to neglet the orrelation between the fragments
of the projetile in the region where the interation with the target is important. It
is shown that the angular momentum of eah fragment with respet to the target is
onserved. Moreover, when suitable approximations are assumed, the kineti energy
of eah fragment is also shown to be onserved. The S-matrix for the sattering
of the omposite system an be written as a ombination of terms, eah one being
proportional to the produt of the S-matries of the fragments.
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1 Introdution
In reent years there has been muh interest in the desription of halo nulei.
These are weakly bound and spatially extended nulear systems, so that some
fragments of the nuleus (generally neutrons) have a high probability of being
at distanes larger than the typial nulear radii (see Refs. [1,2℄ for a general
review on these nulei).
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Reations indued by halo nulei on dierent targets are a useful tool to inves-
tigate the struture of these nulei. A proper desription of the reation meh-
anism of the ollision of a halo nuleus with a target is a omplex quantum
mehanial problem, whih requires the expliit treatment of the ontinuum
of breakup states. This treatment an be performed by disretizing the on-
tinuum of breakup states. However, the prie to be paid is that the relation
between the sattering observables measured and the strutural properties
involved in the problem beomes troublesome.
When the sattering energy of the projetile is suiently high, the interation
of the halo nuleus with the target an be onsidered to our in suh a short
time that the fragments of projetile are pratially frozen in given relative
positions. This frozen halo, also known as adiabati approximation, is the
basis of dierent approximate treatments whih have been suessfully applied
to the interpretation of halo nulei sattering measurements [3,4,5℄.
The validity of the frozen halo approah depends on the omparison of the
ollision time τC and the internal time τI . The ollision time an be estimated
as τC = a/v, where a is a typial length sale of the interation and v is the
relative veloity. The internal time is given by τI = h¯/ǫ where ǫ is a typial
exitation energy of the projetile. Following this argument, the frozen halo
approximation will be valid provided that the ollision time is muh shorter
than the internal time τC ≪ τI .
Nevertheless, tidal fores whih tend to distort the struture of the projetile
while interating with the target, are also very important. This distortion has
a time sale τD whih an be estimated in terms of the tidal fore FT = VT/a
through the expression a = 1/2FT/mτ
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D. Thus, the validity of the frozen halo
approximation requires also τC ≪ τD.
In this paper we fous on a dierent approah named the Unorrelated Sat-
tering Approximation (USA), that we rst introdued in [6℄. Its basi approxi-
mation onsists in assuming that the interation between the fragments of the
halo nulei an be negleted during the ollision time. Thus, the fragments
of the projetile satter separately from the target, eah of them with a fra-
tion of the total energy of the projetile. The validity of the USA is linked
to a orrelation time τR = h¯/∆, where ∆ measures the energy spread of the
ground state of the projetile when the interation between the fragments is
negleted. So, the USA is expeted to be valid when τC ≪ τR, but, in ontrast
with the frozen halo approah, it does not depend on the strength of the
tidal fores.
The adiabati or frozen halo approximation implies that the relative oordi-
nates within the projetile are onstant during the sattering proess. As we
shall show, the USA implies that the relative angular momentum between eah
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fragment of the projetile and the target is onserved. Moreover, the kineti
energy of eah fragment is also onserved.
In setion 2 we develop the formalism of the unorrelated sattering approx-
imation (USA) making use of the expansion of the three-body T -matrix. In
setion 3 we present an appliation of the USA approah to the ase of elasti
sattering and breakup of deuteron on
58
Ni. In setion 4 the onlusions are
presented.
2 The Unorrelated Sattering Approximation from a T -matrix
approah
We onsider a two-body system (A,B) whih is sattered from a heavy target
(T ). Negleting spin and other internal degrees of freedom of the fragments
and the target, the Hamiltonian is given by
H =
~P 2
2M
+
~p2
2µ
+ vAB + vAT + vBT
=
~P 2A
2mA
+
~P 2B
2mB
+ vAB + vAT + vBT , (1)
where M = mA +mB and µ = mAmB/(mA+mB). The interations vAB, vAT
and vBT depend on the relative oordinate and momenta of the interating
partiles.
To dene a sattering proess, we onsider an asymptoti situation in whih
the fragments are very far from the target. In this ase, the asymptoti Hamil-
tonian is given by
H0 =
~P 2
2M
+
~p2
2µ
+ vAB =
~P 2
2M
+ h . (2)
The eigenstates of H0 orresponding to a given total energy E whih are rele-
vant for a sattering proess an be expressed as a free wave |ki;LML〉 on the
relative oordinate times an eigenstate |φi; IMI〉 of the internal Hamiltonian h.
Note that these states an be haraterized by a given angular momentum and
projetion. It should be notied that the eigenstate |φi; IMI〉 orresponding to
an eigenvalue ǫi of h, may be a bound or a ontinuum state. The momentum ki
is related to the energy of the state through h¯2k2i /2M+ǫi = E. We an ouple
the produt states to a total angular momentum J , to give |φi, ki;L, I, JMJ〉.
Sine spin projetion MJ is onserved, it will be dropped in the following
derivation. The eet of the interation vAT + vBT of the projetile with the
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target is given by a T -matrix, onneting the eigenstates of H0 with energy
E. Formally, the T -matrix an be expressed as
T (E) = vAT + vBT + (vAT + vBT )
1
E+ −H0T (E) , (3)
where E+ = E + iǫ.
The sattering amplitude is proportional to the on-shell matrix elements on-
neting the initial bound state |φg, kg;L, I, J〉 with a nal state |φf , kf ;L′, I ′, J〉,
whih may be bound or unbound. Here, the quantities kg and kf represent the
relative momenta of the two-body system (A,B) with respet to the target T
in the initial and nal hannels, respetively. The S-matrix an be expressed
as
〈φf , kf ;L′, I ′, J |S|φg, kg;L, I, J〉 =
= δf,g + 2πi〈φf , kf ;L′, I ′, J |T (E)|φg, kg;L, I, J〉 . (4)
Then, in order to apply the Unorrelated Sattering Approximation, we make
use of the fat that the interation vAT +vBT onserves separately the angular
momenta LA and LB of the fragments of the projetile with respet to the
target. Note that the T -matrix will not, in general, onserve LA and LB,
due to the interation vAB between the fragments, whih is inluded in the
propagator. However, a reasonable approah is to neglet the term vAB in the
propagator, while we resale it by a fator λ, whih an be a funtion of J , and
will be determined later. This approximation implies dismissing the relatively
weak interation vAB in the region where vAT + vBT is strong (it ontributes
to seond order to the T -matrix). Hene, we make the approximation
1
E + iǫ−H0 ≃
λ
E + iǫ− H¯0 , (5)
where H¯0 = KA+KB is the Hamiltonian whih ontains only the kineti energy
terms. The fator λ inluded in this expression may be omplex, desribing
in that ase the loss of ux due to the exitation of the target and/or the
fragments of the projetile.
The above approximation leads to the expression
T (E)≃ 1
λ
T¯ (E) (6)
T¯ (E) = λ(vAT + vBT ) + λ(vAT + vBT )
1
E+ − H¯0 T¯ (E) . (7)
Note that T¯ (E) is the T -matrix for the sattering of two unorrelated partiles
A and B with a renormalized interation λ(vAT + vBT ).
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The eigenstates |φi, ki;L, I, J〉 of H0 an be expanded in terms of eigenstates
of H¯0,
|φi, ki;L, I, J〉 =
∫
dαgi(α)|α,Ei(α);L, I, J〉 . (8)
In the above expressions, Ei(α) = (E − ǫi) sec2(α) is the eigenvalue of H¯0
with α the hyperangle whih depends on the ratio of the internal momentum
q and the relative momentum ki, i.e., q(ki, α) = ki
√
µ/M tanα. The expliit
expression of gi(α) is given in the appendix A.
The matrix elements of T¯ (E) beome
〈φf , kf ;L′, I ′, J |T¯ (E)|φg, kg;L, I, J〉
=
∫ ∫
dα′dαgf(α
′)gg(α)〈α′, Ef(α′);L′, I ′, J |T¯ (E)|α,Eg(α);L, I, J〉 . (9)
Thus, Eq. (9) reets that the on-shell matrix element of T¯ , between eigen-
states of H0 orresponding to the energy E, are given in terms of oshell
matrix elements of T¯ between eigenstates of H¯0 orresponding to dierent
energies Eg(α), Ef(α
′).
Besides the assumptions involved in (9), in what follows we make a further
approximation by replaing the oshell matrix elements of T¯ (E) by on-shell
matrix elements. So, while we retain the α dependene of the matrix elements,
we substitute the energy dependene for the on-shell value. Thus, the matrix
elements in (9) an be approximated by
〈α′, Ef(α′);L′, I ′, J |T¯ (E)|α,Eg(α);L, I, J〉
≃λAf(α′)〈α′, E;L′, I ′, J |T¯ (E)|α,E;L, I, J〉Ag(α) . (10)
The fators Af(α′) and Ag(α) are introdued to ensure unitarity. Note that the
typial values of Ei(α)−E are of the order of the kineti energy of the relative
motion of the fragments, whih is related to the orrelation time through h¯/τR.
The operator T¯ (E) onnets states in a range of energies whih is determined
by the ollision time through ∆E = h¯/τC . So, this on-shell approximation is
justied provided that the orrelation time is long ompared to the ollision
time.
Now, for the purpose of evaluating the on-shell matrix elements of T¯ (E) we
an make use of an expansion in hyperspherial harmonis, whih allows us
to write down the operator T¯ (E) between states with denite values of the
angular momenta LA and LB of eah fragment with respet to the target. Note
that these magnitudes are onserved by the interation. After some algebra
(see Appendix B for details), we nally get
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〈φf , kf ;L′, I ′, J |T (E)|φg, kg;L, I, J〉
≃∑
KK ′
∑
LA,LB
〈φf |K ′〉L′I′〈K|φg〉LI〈LA, LB|L, I〉KJ〈L′, I ′|LA, LB〉K ′J
×〈K ′, E;LA, LB, J |T¯ (E)|K,E;LA, LB, J〉 (11)
with
〈K ′, E;LA, LB, J |T¯ (E)|K,E;LA, LB, J〉
=
∫ ∫
dβdβ ′fKLA,LB(β)f
K ′
LA,LB
(β ′)〈β ′, E;LA, LB, J |T¯ (E)|β, E;LA, LB, J〉,
(12)
where the funtions fKLA,LB(β) and the overlaps 〈K|φg〉LI are given in the
appendix B, and 〈LA, LB|L, I〉KJ are the Raynal-Revay oeients [7℄. The
hyperangular variable β determines the partition of the energy E between
the fragments A and B of the projetile, so that eA = E cos
2(β) and eB =
E sin2(β).
Expanding the T -matrix up to third order and using the results of appendix
C the matrix elements of the operator T¯ (E) an be written as:
〈β ′, E|T¯ (E)|β, E〉 = δ(β − β ′)
{
tA(eA) + tB(eB) + 2iπtA(eA)tB(eB)
}
,(13)
where tA(eA) denotes a on-shell two-body matrix element for the A− T sat-
tering (analogously for tB).
Reovering the angular momenta, the matrix elements of the T -matrix be-
tween states with given K,LA, LB, J values, result
〈K ′, E;LA, LB, J |T¯ (E)|K,E;LA, LB, J〉 =
∫
dβfK
′
LA,LB
(β)fKLA,LB(β)
×
{
tA(E cos
2 β) + tB(E sin
2 β) + 2πitA(E cos
2 β)tB(E sin
2 β)
}
, (14)
whih, aording to Eq. (4), an be written in terms of S¯, i.e., the S-matrix
whih desribes the sattering with boundary onditions given by H¯0, as
〈K ′, E;LA, LB, J |S¯|K,E;LA, LB, J〉
=
∫
dβfKLA,LB(β)f
K ′
LA,LB
(β)SA(E cos
2 β)SB(E sin
2 β) . (15)
If the values of K,K ′ are restrited by a maximum hyperangular momentum
Km, the above integral an be approximated by quadratures. It is partiularly
6
onvenient to onsider the quadrature assoiated to the Jaobi polynomials
that determine the funtions fKLA,LB(β) with a number of points N equal to
the number of K values allowed. Expliitly:
〈K ′, E;LA, LB, J |S¯|K,E;LA, LB, J〉
=
N∑
n=1
〈K ′|n〉LA,LB〈n|K〉LA,LBSA(enA)SB(enB) , (16)
where, following [6,8℄, the oeients 〈K|n〉LA,LB are given by
〈K|n〉LA,LB =
√
wn
(cos βn)LA+1(sin βn)LB+1
fKLA,LB(βn) . (17)
The quadrature points βn orrespond to the zeros of the funtion f
Km
LA,LB
(β).
The expliit expression for the quadrature weights wn an be found in [6℄. Note
that, in terms of the quadrature points, the individual energies of partiles A
and B are given by enA = E cos
2(βn) and e
n
B = E sin
2(βn).
Then, olleting these results, we may write
〈φf , kf ;L′, I ′, J |S(E)|φg, kg;L, I, J〉
≃ ∑
LA,LB,n
〈φf , kf ;L′, I ′, J |n;LA, LB, J〉SA(enA)SB(enB)〈n;LA, LB, J |φg, kg;L, I, J〉,
(18)
with
〈φi, ki;L, I, J |n;LA, LB, J〉 ≡
∑
K
〈φi|K〉L,I〈L, I|LA, LB〉KJ〈K|n〉LA,LB .
(19)
To nish with this analysis we proeed by evaluating the parameter λ whih
determines the renormalization of the interations vA and vB. For this purpose,
we write the individual S-matries in terms of the phase shifts
SA(e
n
A) = exp
(
2iδ(λvA;LA, e
n
A)
)
; SB(e
n
B) = exp
(
2iδ(λvB;LB, e
n
B)
)
.
(20)
In many approximations the phase shift is found to be proportional to the
potential. Under this situation, the phase shift sales with the parameter λ.
This is for instane the ase of the eikonal and WKB approximations, where
the phase shift is obtained as an integral of the potential along a lassial
trajetory. In general, there is not a simple relation between the phase shift
and the potential, but only for the purpose of estimating in a simple way
the value of λ, we will assume that this relation holds approximately. So,
δ(λvA;LA, e
n
A) = λδ(vA;LA, e
n
A).
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In the limit of weak interations, one expets that breakup eets are negli-
gible, and thus the elasti S matrix should be well desribed by the folding
interation. Let us assume that the ground state has I = 0, implying L = J .
Then, the folding interation, whih depends on the relative oordinate and
momentum is given as
vF = 〈φg|vAT + vBT |φg〉 (21)
and the expression for the elasti S-matrix due to the folding interation an
be written as
SF (E, J) = exp
(
2iδ(vF ; J, E)
)
. (22)
Thus, omparing Eqs. (22) and (18) in the limit of weak interations, one gets
δ(vF ; J, E) = λδ¯LIJ , (23)
where
δ¯LIJ =
∑
n,LA,LB
|〈n;LA, LB, J |φg, kg;L, I, J〉|2
{
δ(vA;LA, eA) + δ(vB;LB, eB)
}
.
(24)
Using this result, the produt of S-matries an be written as
SA(e
n
A)SB(e
n
B) = exp
(
2iπp(n, LA, LB, J)δ(vF ; J, E)
)
, (25)
where
p(n, LA, LB, J) =
{
δ(vA;LA, e
n
A) + δ(vB;LB, e
n
B)
}
/δ¯LIJ . (26)
Note that p(n, LA, LB, J) is a real, positive number, with typial values around
unity. It fulls the relation
∑
n,LA,LB
p(n, LA, LB, J)|〈n;LA, LB, J |φg, kg;L, I, J〉|2=
=
∑
n,LA,LB
|〈n;LA, LB, J |φg, kg;L, I, J〉|2=1 . (27)
The value of p(n, LA, LB, J) measures how strong is the interation of the
fragments with the target in the onguration whih is haraterized by the
quantum numbers n, LA, LB, ompared with the average interation over all
the ongurations that ontribute to the elasti hannel. Note that Eq. (25)
impliitly states that any absorption eet, due to the exitation of the target
or the fragments of the projetile, that an be desribed by the use of a omplex
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folding potential, will also appear in the unorrelated three-body alulation,
saled by the fator p(n, LA, LB, J).
We would like to stress that Eq. (18) an be applied to elasti, inelasti and
breakup sattering. In partiular, the elasti S-matrix elements are given by
〈φg, kg;L, I, J |S(E)|φg, kg;L, I, J〉 =∑
LA,LB,n
|〈n;LA, LB, J |φg, kg;L, I, J〉|2SA(enA)SB(enB) . (28)
The inelasti S-matrix to an exited bound state |φe〉 is
〈φe, ke;L′, I ′, J |S(E)|φg, kg;L, I, J〉 =∑
LA,LB,n
〈n;LA, LB, J |φg, kg;L, I, J〉〈φe, ke;L′, I ′, J |n;LA, LB, J〉SA(enA)SB(enB) .
(29)
It is also possible to alulate the S-matrix elements for the breakup leading to
spei states of the ontinuum, haraterized by an asymptoti linear internal
momentum p and quantum numbers {L′,I ′,J}. Aording to Eq. (18) these
are given by
SJLI;L′I′(p)≡〈φ(p), k(p);L′, I ′, J |S(E)|φg, kg;L, I, J〉
=
∑
LA,LB,n
〈φ(p), k(p);L′, I ′, J |n;LA, LB, J〉
× 〈n;LA, LB, J |φg, kg;L, I, J〉SA(enA)SB(enB) . (30)
Note that, due to energy onservation, h¯2k2(p)/2M + h¯2p2/2µ = E. The dif-
ferential breakup ross setion is alulated diretly from the above S-matrix
elements by means of the expression
dσJLI;L′I′(p)
dp
=
π
k2g
2J + 1
2I + 1
∣∣∣SJLI;L′I′(p)
∣∣∣2 . (31)
An appealing feature of our previous formulation of the USA, presented in
[6℄, is that it leads to ompat expressions for the integrated breakup ross
setions. Although the derivation presented in this work diers to some extent
from our previous formulation, it also leads to similar losed formulae for
the breakup ross setions. In partiular, the total integrated breakup ross
setion to all the nal ontinuum states haraterized by the angular momenta
L′, I ′, J is given by (.f. with Eq. (36) of Ref. [6℄):
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σbuJ (LI → L′I ′) =
π
k2g
2L+ 1
2I + 1
{ Km∑
K=L′+I′
|〈K,L′, I ′, J |S¯|φg, kg;L, I, J〉|2
−∑
e
|〈φe, ke;L′, I ′, J |S¯|φg, kg;L, I, J〉|2
− δL,L′δI,I′|〈φg, kg;L, I, J |S¯|φg, kg;L, I, J〉|2
}
. (32)
This expression is readily obtained by summing upon L′ and I ′ in Eq. (31)
and applying the losure relation (B.9) to the nal states.
It is also possible to obtain a ompat expression for the breakup ross setion
orresponding to a total angular momentum J , σbuJ . This is ahieved upon
summation of σbuJ (LI → L′I ′) on the angular momenta L′ and I ′ and taking
into aount the ompleteness property of the states |K,L′, I ′, JMJ〉. This
leads to the losed expression
σbuJLI =
π
k2g
2L+ 1
2I + 1
{
〈φg, kg;L, I, J |S¯+S¯|φg, kg;L, I, J〉
− ∑
e,L′,I′
|〈φe, ke;L′, I ′, J |S¯|φg, kg;L, I, J〉|2
− |〈φg, kg;L, I, J |S¯|φg, kg;L, I, J〉|2
}
. (33)
Then, within the USA, the integrated breakup ross setion for a given total
angular momentum is alulated as the dispersion of the operator S¯ in the
ground state of the projetile, subtrating the ontribution of the other bound
states.
In summary, in this setion we have derived an approximate formula to eval-
uate the elasti, inelasti and breakup S-matrix elements orresponding to
a three-body sattering proess. These approximated S-matrix elements are
expressed in ompat form by Eq. (18). The simpliity of this formula re-
lies on the fat that it relates the ompliated three-body ollision matrix
to a simple superposition of twobody S-matries, weighted by some fators
whih depend on analytial oeients and the struture of the omposite.
Expression (18) provides also a possible physial interpretation for the states
|n;LA, LB, J〉. These states are eigenstates of the Hamiltonian H¯ in a dis-
rete basis. Aording to (18), the initial state is deomposed in the full set of
states |n;LA, LB, J〉. Upon negletion of the inter-luster interation vAB, the
two partiles evolve in this set of states, interating with the target through
the interations vA and vB, but preserving the individual energies and angular
momenta of the onstituents. The superposition of states resulting after the
interation with the target is nally projeted onto the physial nal state for
the proess under onsideration, denoted |φf , kf ;L′, I ′, J〉.
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3 Appliation to deuteron sattering on
58
Ni
As an illustrative example, in this setion we apply the USA method to the
reation d+
58
Ni at Ed=80 MeV. This reation has been previously analyzed
by several authors within the CDCC sheme [9,10,11,12℄, providing a satisfa-
tory agreement with the existing elasti data [13℄. Therefore, in this work
we have adopted the CDCC alulation as the benhmark result to om-
pare our method with. In order to obtain the elasti and breakup observ-
ables, we performed CDCC alulations similar to those reported in [9,10℄.
The proton-target and neutron-target interations were desribed in terms
of the Behetti-Greenless global parameterization [14℄. The p-n interation,
whih is required to onstrut the deuteron ground state and ontinuum bins,
was parametrized as v(r) = v0 exp(−r2/a2), with v0 = −72.15 MeV and
a = 1.484 fm [9℄. Following the standard proedure, the p-n ontinuum was
disretized into energy bins. The partial waves I=0, 2, 4, 6 and 8 were inluded
in the CDCC model spae. The odd partial waves were not onsidered, sine
their inuene on the dynamis turned out to be negligible. The maximum
exitation energies for these waves were ǫmax=40 MeV (s-waves), 45 MeV (d
and f -waves), 50 MeV (g-waves) and 60 MeV (h-waves). For simpliity, the
proton and neutron spins are ignored. These CDCC alulations were arried
out with the omputer ode FRESCO [15℄.
The USA alulations were performed using Eq. (18). Aording to this expres-
sion, the three-body S-matrix is onstruted by superposition of the on-shell
lustertarget S-matries, evaluated at the appropriate energies and angular
momenta. For omputational onveniene, we found useful to evaluate these
S-matries using the WKB approximation. This has the extra advantage that
it makes exat the saling property of the phase shift with the parameter λ,
thus making more sensible the estimate (23) for this parameter.
3.1 Elasti sattering
Sine the USA method is formulated in terms of the S-matrix, we rst om-
pare the elasti S-matrix elements in both approahes. The ground state wave-
funtion was desribed with the same Gaussian potential used for the CDCC
alulation.
In Fig. 1 we present the CDCC and USA alulations in the form of an Ar-
gand plot, in whih the real and imaginary parts of the S-matrix elements
are represented in the x and y axis, respetively. Note that, sine the internal
spin is negleted, the orbital angular momentum for the projetile-target rela-
tive motion L oinides with the total angular momentum J . The CDCC and
11
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Fig. 1. Argand plot for the CDCC (lled irles), USA (open irles) and lus-
ter-folded (rosses) alulations, orresponding to the d+
58
Ni elasti sattering at
Ed=80 MeV.
USA alulations are represented by lled and open irles, respetively. For
omparison purposes, we have also inluded the luster-folded (CF) alula-
tion (rosses), in whih the projetile-target interation is given by the sum
of the proton-target and neutron-target interations, folded with the deuteron
density, aording to Eq. (21). Note that the latter is equivalent to a CDCC
alulation without ontinuum bins. Therefore, the dierene between the fold-
ing and the CDCC alulations evidenes the eet of the breakup hannels
on the elasti sattering. From the urves in Fig. 1, it beomes apparent that
the presene of the ontinuum redues the modulus of the S-matrix for all the
partial waves, due to the loss of ux to the breakup hannels. It an be seen
that the USA method also sueeds on reproduing this deviation from the
CF alulation, giving a result lose to the CDCC.
The dierential elasti angular distributions derived from the above S-matries
are shown in Fig. 2, along with the data of Stephenson et al. [13℄. The dotted
line represents the folding alulation, whih learly overestimates the data,
partiularly at intermediate angles. Inlusion of the ontinuum within the
CDCC sheme (dashed line), produes a signiant redution of the elasti
ross setion and improves signiantly the agreement with the data. Notie
that, despite this improvement, the data are still somewhat overestimated at
angles around 60
◦
. Two dierent USA alulations are presented in Fig. 2. The
rst one, represented in the graph by the dotteddashed line, was performed
with a maximum hyperangular momentum Km=30. This alulation agrees
fairly well with the data in the whole angular range. Note that for θc.m. < 25
◦
the agreement with the data is exellent. At intermediate angles, the USA
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Fig. 2. Elasti sattering angular distribution for the d+
58
Ni reation at
Ed=80 MeV. The meaning of the urves are indiated by the labels.
reprodues well the interferene pattern, although the absolute normalization
is somewhat underestimated. This suggests that the method will overestimate
the breakup ross setions, as it will be disussed below. For .m. angles above
80
◦
the USA alulation shows some osillations, whih are not present on nei-
ther the CDCC alulation nor the experimental data. These spurious wiggles
are partially suppressed when the uto hyperangular momentum is inreased
to Km=40, as shown by the solid line. We found that for higher values of Km
the angular distribution remains basially unhanged. Thus, we an onlude
that for Km=40 we have onvergene of the USA alulation.
3.2 Breakup reation
We next analyse the breakup hannel for the same reation. Due to the absene
of experimental data, we will ompare our model diretly with CDCC.
We rst study the integrated breakup ross setion, as a funtion of the to-
tal angular momentum J . In the USA alulation, we an make use of the
losed expression (33). The results are shown in Fig. 3. It an be seen that
the USA alulation (solid line) reprodues the qualitative behaviour of the
CDCC (dashed-line). In partiular, both distributions predit a maximum of
the breakup ross setion at J = 17. However, our model yields signiantly
more breakup than the CDCC, as we antiipated from the behaviour of the
13
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Fig. 3. Integrated breakup ross setion, as a funtion of the total angular momen-
tum, J for the reation d+58Ni at 80 MeV. The dashed and solid line orrespond to
the CDCC and USA alulations, respetively.
elasti angular distribution.
As desribed in the previous setion, the method here developed provides
also ompat expressions for the partial integrated ross setions leading to
ontinuum states with denite values of {L′,I ′,J}, aording to Eq. (32). Using
the same physial ingredients as in the elasti sattering, we have applied
this formula to alulate the integrated breakup ross setion for I ′=012.
The results are displayed by open irles in Fig. 4. It beomes lear that
the main ontribution to the breakup ross setions omes from the partial
waves I ′=0 and I ′=2. Also inluded in this gure are the CDCC results (lled
irles). Note that within CDCC these integrated ross setions are obtained
as a result of large set of oupled equations, in whih all possible values of
L′ and I ′ need to be oupled simultaneously. From this gure it beomes
apparent that the disrepany of the breakup ross setion between the two
methods is mainly due to the omponents I ′=0 and I ′=2. For I ′ > 2 the
two methods are in exellent agreement. This result beomes more notable if
one ompares the simpliity of Eq. (32) with the large set of oupled-hannels
equations involved in the CDCC. Furthermore, when high exitation energies
and angular momenta are to be inluded, onvergene problems typially arise
in CDCC. This is in ontrast with Eq. (32), whih allows one to alulate the
breakup to highly exited states and large values of I ′ in a simple way without
the numerial diulties involved in a CDCC alulation.
Besides the integrated breakup ross setions, we an also alulate the breakup
to spei states of the ontinuum. The S-matrix element desribing the tran-
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Fig. 4. Integrated breakup ross setion, as a funtion of the nal p-n angular mo-
mentum, I ′. The lled irles (joined with dashed lines to guide the eye) orrespond
to the onverged CDCC alulation (Imax = 8), while the open irles joined by solid
lines are the USA predition obtained with the losed expression (32).
sition from the ground state to a ontinuum state with asymptoti linear mo-
mentum p and angular momenta {L′, I ′, J} is given by Eq. (30). Two dierent
models where used to desribe the ontinuum states within the USA method.
In the rst one, we used a disretized ontinuum in terms of ontinuum bins,
as in the CDCC alulation. Sine these bins are normalizable the overlaps
〈φf |K〉LI appearing in Eq. (30) are alulated in exatly the same way as for
the ground state. In a seond alulation we used for the nal states the true
sattering wavefuntions, alulated at a given exitation energy. Note that
these states are no longer normalizable and so speial are has to be taken in
order to alulate their overlaps with the hyperspherial basis. Details of the
evaluation of these overlaps an be found in Appendix A. In this alulation,
we found onvenient, although not essential, to work with analyti expressions
for the wavefuntions. In partiular, for the ground state we used the Hulthèn
wavefuntion:
φ0(r) =
√√√√ αβ(α+ β)
2π(β − α)2
e−αr − e−βr
r
, (34)
with α = 0.2317 fm−1 and β = 7α. For the ontinuum states, we used the so-
lution of a separable potential, whose ground state oinides with the Hulthèn
wave funtion, thus guaranteeing the orthogonality with the ground state
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wavefuntion. These are expliitly given by
φ(−)
p
(r) =
1
(2π)3
{
eipr + f(p)
e−ipr − e−βr
r
}
, (35)
with
f(p) = −
[
β − β
2 + p2
2β
− (β
2 + p2)2
2β(α+ β)2
+ ip
]−1
, (36)
where α and β are the same as for the ground state. These wavefuntions are
normalized as 〈φp′|φp〉 = δ(p′ − p). Note also that this potential ats only on
the s-waves; for I 6= 0, the ontinuum sates are simply given by planes waves.
In Fig. 5, we ompare the modulus of the breakup S-matrix for a total angular
momentum J = 17 whih, aording to Fig. 3, orresponds to the maximum
of the breakup distribution. The ontinuum states with I ′ = 0 and I ′ = 2
have been onsidered for the omparison. In the latter, the separated ontri-
butions for L′=15, 17 and 19 are shown. Two dierent CDCC alulations
are presented. The rst one, represented by open irles, uses a model spae
with I = 0, 2 only. However, this model spae is not enough to ahieve on-
vergene of the S-matrix elements. In analogy with [10℄, we had to inlude
partial waves up to Imax=8. The results of this CDCC alulation in the aug-
mented spae is shown by the lled irles in Fig. 5. The USA alulations
with the Hulthèn potential are represented in Fig. 5 by the solid lines. Finally,
the USA alulation performed with the ontinuum bins is represented with a
histogram, to emphasize the fat that this alulation uses a disretized on-
tinuum. Both alulations used a maximum hyperangular momentumKm=30.
With Km=40 the results are only slightly hanged. In general, we nd a good
global agreement between USA and CDCC. For small values of p (i.e. low ex-
itation energies) the two methods yield very similar results. On the ontrary,
for large values of p all our alulations tend to predit more breakup than
the CDCC. Interestingly, the USA distributions exhibit a bump at p ≈1 fm−1
(i.e. ǫ ≈ 41 MeV), whih is not observed in the onverged CDCC with Imax=8,
but appears nevertheless in the CDCC with Imax=2. The major disagreement
between the USA and CDCC ours for the breakup to s states. In this ase,
the two methods give very dierent preditions for p > 0.3 fm−1.
The dierential breakup ross setion is readily alulated from the above S-
matrix elements using Eq. (31), and summing upon L′ and J . The results are
displayed in Fig. 6. The lled irles orrespond to the CDCC alulation in
the model spae with Imax=8. The solid line is the USA alulation with the
p-n separable interation. The histogram orresponds to the USA alulation
in the disretized ontinuum, generated with the Gaussian potential. We see
that, at small exitation energies, the USA and CDCC alulations are in very
good agreement. At higher exitation energies, the USA predits systemati-
ally more breakup, as expeted from the behaviour of the S-matries analysed
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Fig. 5. Breakup S-matrix elements for a total angular momentum J = 17 and -
nal p-n relative angular momentum I ′=0 and 2. The lled irles orrespond to
the CDCC alulation with s and d waves only, whereas the open irles are the
CDCC alulations with the model spae I = 0, 2, 4, 6, 8. The solid line is the USA
alulation with analyti wavefuntions derived from a separable potential. The his-
togram orrespond to the USA alulation using the bins onstruted with Gaussian
potential.
above. For I ′ = 6, the USA alulations obtained with the ontinuum bins
agree niely with the CDCC. In the ases I ′=0 and I ′=2 we show also the
adiabati oupledhannels alulation by Amakawa and Tamura [16℄. This
alulation follows a similar trend to that of the CDCC, whih is understood
by realling that the adiabati approximation an be regarded to an approxi-
mated CDCC alulation in whih the internal Hamiltonian is replaed by a
onstant [9℄.
From the analysis performed in this setion, we onlude that, despite its
formal simpliity, the model developed in this work provides a good desription
of the reation observables. In partiular, we have shown that the method
desribes fairly well the elasti and breakup sattering of d+
58
Ni at Ed=80
MeV. Our omparison with the CDCC alulations suggests that the USA
tends to overestimate breakup to highly exited states on the ontinuum.
In omparing the CDCC alulation with the USA results, it should be taken
into aount that the USA approah is not simply an approximation to the
CDCC alulation. The latter is performed assuming that the interations
between fragments and target, that are omplex, an be approximated by
loal potentials. This determines the o-shell behaviour of the interation
and, in partiular, prevents oupling to highly exited states of the projetile.
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Fig. 6. Breakup exitation funtion for the reation d+
58
Ni at Ed=80 MeV. The lled
irles represent the CDCC alulations. The solid lines are the USA alulations
with the Hulthèn wavefuntions. The histogram is the USA alulation obtained
with a Gaussian potential and a disretized ontinuum. The dotted-dashed lines are
the adiabati alulation of Amakawa and Tamura [16℄.
In ontrast, the USA approximation relies on the fat that o-shell matrix
elements of the interation are substituted by on-shell ones. This seems to be
the reason behind the larger breakup ross setions to highly exited states.
4 Summary and onlusions
In this paper we have revisited the unorrelated sattering approximation
(USA) originally introdued in Ref. [6℄. We reviewed the basi assumptions
involved within the USA approah and analyzed its apability to desribe
elasti and breakup sattering reations. In what follows we summarize the
main ingredients and results obtained in this work.
The desription of the sattering reation mehanism provided by the USA
model is based on three basi approximations. First, in the ase of a weakly
bound system interating with a heavy target, we ignore the interation be-
tween the fragments in the three-body T -matrix propagator. Thus, the opera-
tor T (E) may be replaed by T¯ (E)/λ, being T¯ (E) the unorrelated T -matrix
for a renormalized interation. This has the property to onserve the angu-
lar momentum of eah fragment of the projetile with respet to the target.
However, it results essential to onserve the interation in the asymptoti
states, whih are eigenstates of the Hamiltonian H0. Expanding these states
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into eigenstates of H¯0 (Hamiltonian ontaining only kineti energy terms), one
nally ends up with the evaluation of the oshell T¯ (E) matrix elements.
The seond approximation involved is to replae the oshell matrix elements
of T¯ (E) by the on-shell ones. This is justied beause the range of o-shellness
in the matrix element is small ompared with the energy range of the operator.
However, a diret substitution of the o shell matrix element by on-shell ones
may lead to the breakdown of the unitarity property. Thus, in this work we
have made use of a renormalization operator, whih is formally equivalent to
the Demorati Mapping proedure desribed in [17℄. The matrix elements of
T¯ (E) between eigenstates of H¯0 an be evaluated using an expansion in hyper-
spherial harmonis. This allows us to transform analytially the asymptoti
states into states with denite values of the angular momenta LA and LB of
eah fragment with respet to the target, and take advantage of the fat that
these magnitudes are onserved by the interation.
The third approximation is to expand up to third order the three-body op-
erator T¯ (E) in terms of the three-body operators TA(E) and TB(E) whih
ontain only the interation of one of the partiles with the target. Then the
on-shell matrix elements of T¯ (E) an be evaluated, and the result shows that
the operator T¯ (E) does not onnet states in whih the total energy E is dis-
tributed dierently between partiles A and B. Moreover, the matrix element
of T¯ (E) is ompletely determined by the on-shell matrix elements of the two-
body operators tA(eA) and tB(eB) evaluated at the orresponding energies of
the two partiles.
Our analysis shows that the S-matrix desribing the sattering of a omposite
system by a target, in the unorrelated sattering approximation, is given as
a ombination of produts of the S-matries desribing the sattering of the
fragments evaluated at the orresponding energies and angular momenta. The
renormalization fator λ an be obtained for eah J value to ensure that, in
the weak oupling limit, the USA reprodues the elasti sattering alulated
with the folding interation. This renormalization fator allows us to inlude
the eet of exitation of the target and/or the fragments of the projetile,
whih is essential in nulear ollisions, in a way whih is fully onsistent with
a omplex folding interation.
The USA keeps also some resemblane with other impulse approximations
reently applied to the sattering of weakly bound nulei [18,19℄. In analogy
with the multiple sattering of the T -matrix method presented in [19℄, we
start with an approximated expansion of the fewbody T -matrix, in whih
the inter-luster interation is negleted in the propagator. However, while
in [19℄ the derivation is performed in a linear momentum representation, we
hoose a partial wave desription. Moreover, although both methods express
the total T -matrix in terms of two-body amplitudes, the approximations that
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lead to the twobody T -matries are quite dierent.
There exists also some formal analogy between our main result, Eq. (18),
and the semilassial Glauber approximation [3℄, in the sense that in both
methods the sattering amplitude depends on a superposition of the produt
of the individual S-matries of the fragments. However, despite this apparent
similitude, we stress that the approximations involved in both approahes
are very dierent. First, unlike the Glauber model, the USA does not make
any semilassial assumption. Furthermore, the Glauber model is based on
the frozen halo or adiabati approximation (i.e., it neglets the exitation
energies of the internal Hamiltonian), while the USA neglets the inter-luster
potential (the so alled impulse approximation), but retains the full kineti
energy operator.
Finally, it should be stressed that the main dierenes found between the USA
and the CDCC alulations arise from the fat that the USA alulation gives
rise to larger breakup ross setions to states with high exitation energies.
This result might be related to limitations of the USA approah, but it ould
also be due to the fat that the CDCC alulations assume loal interations
between the fragments of the projetile and the target, and this determines
the o-shell nature of the interations. Aurate experimental measurements
of breakup ross setions at high exitation energies would surely help to draw
more denite onlusions on the validity of the loal, momentum independent,
omplex interations used in the CDCC approah or, by ontrast, on the
reliability of the presene of relevant o-shell omponents in the interation
as suggested by the USA alulations.
A Expansion of the hannel wavefuntions in terms of the hyper-
angle
The bound states of the projetile, as well as the normalizable bins of ontin-
uum states, an be expressed in momentum representation as
|φi; IMI〉 =
∫
dqφi(q)|q; IMI〉 , (A.1)
where the state |q; IMI〉 is normalized so that 〈q′; IMI |q; IMI〉 = δ(q − q′).
The orresponding hannel states an be written as
|φi, ki; I, L, J〉 =
∫
dqφi(q)|q, ki; I, L, J〉 . (A.2)
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It is onvenient to write this state in terms of states with given hyperangle α
and kineti energy Ei(α), whih are given by
tan(α) =
q
ki
√
M
µ
, Ei(α) =
h¯2q2
2µ
+
h¯2k2i
2M
, (A.3)
whih leads to
|φi, ki;L; I, J〉=
∫
dαgi(α)|α,E(i, α);L; I, J〉 (A.4)
gi(α)=φi(q(ki, α))
(
dq(ki, α)
dα
)1/2
. (A.5)
The last term arises from the normalization 〈α′, E|α,E〉 = δ(α′ − α).
The ontinuum states with asymptoti momentum p are given by
|φ(p), k(p); I, L, J〉 = |p, k(p); I, L, J〉+
∫
dqg(−)(p, q)|q, k(p); I, L, J〉 , (A.6)
where the rst term in the RHS represents the plane wave and the seond term
represents inoming waves. The integral has a pole at q = p, with a residue
R(p) and a prinipal part, so
|φ(p), k(p); I, L, J〉= [1 + iπR(p)]|p, k(p); I, L, J〉
+P
∫
dqg(−)(p, q)|q, k(p); I, L, J〉 . (A.7)
This state an be written in terms of the hyperangle as
|φ(p), k(p); I, L, J〉= [1 + iπR(p)]
(
dp
dαp
)1/2
|αp, E; I, L, J〉
+P
∫
dαg(−)(p, q(α))
(
dq
dα
)1/2
|α,E(p, α); I, L, J〉 ,
(A.8)
where
tan(αp) =
p
k(p)
√
M
µ
, E =
h¯2p2
2µ
+
h¯2k(p)2
2M
, (A.9)
tan(α) =
q
k(p)
√
M
µ
, E(p, α) =
h¯2q2
2µ
+
h¯2k(p)2
2M
. (A.10)
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B On-shell matrix elements in the hyperspherial basis
In this appendix we show in detail the proedure used to evaluate the on-shell
matrix elements of the operator T¯ (E). First, we make use of an expansion in
hyperspherial harmonis whih allows us to write down∫
dαgIi (α)A
i(α)|α,E;L, I, J〉 =∑
K
〈K|φi〉LI |K,E;L, I, J〉 , (B.1)
where we introdue the states
|K,E;L, I, J〉 =
∫ pi/2
0
dαfKL,I(α)|α,E;L, I, J〉. (B.2)
The funtions fKL,I(α) are given by
fKL,I(α) = N
LI
K (cosα)
L+1(sinα)I+1P
(I+ 1
2
,L+ 1
2
)
(K−L−I)/2(cos 2α), (B.3)
where P
(I+ 1
2
,L+ 1
2
)
n are the Jaobi polynomials of degree n and NLIK are some
normalization onstants, whose expliit expressions an be found in [6℄.
The oeients 〈K|φi〉LI are expliitly given by
〈K|φi〉LI =
∑
K ′
ciLI(K
′)AiLI(K
′, K) (B.4)
ciLI(K
′) =
∫
dαfK
′
L,I(α)g
I
i (α) (B.5)
AiLI(K
′, K)=
∫
dαfK
′
L,I(α)A
i(α)fKL,I(α) . (B.6)
To get these expressions we have made use of the losure property of the
hyperspherial harmonis
∑
K
fKL,I(α)f
K
L,I(α
′) = δ(α− α′) . (B.7)
Then, we end up with the following expression for the T -matrix elements
〈φf , kf ;L′, I ′, J |T (E)|φg, kg;L, I, J〉 ≃∑
K ′,K
〈φf |K ′〉L′I′〈K|φg〉LI〈K ′, E;L′, I ′, J |T¯ (E)|K,E;L, I, J〉 . (B.8)
The requirement that the approximated expression preserves unitarity for her-
mitian interations leads to
∑
i
〈K ′|φi〉LI〈φi|K〉LI = δK,K ′ . (B.9)
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On the other hand, if the interation is onstant, the matrix elements of T¯ (E)
will be diagonal and independent on K. In this ase, the T -matrix should not
ouple dierent internal states. This leads to
∑
K
〈K|φg〉LI〈φf |K〉LI = δg,f . (B.10)
These onditions an be ahieved by an adequate hoie of AiLI(K
′, K). In
what follows we shall assume, for deniteness, that in eah spin hannel I
there is at most one bound state, while the rest of the states orrespond to
the ontinuum. So, for the bound state in hannel I we take
AbLI(K,K
′) = δK,K ′/
√
P bLI , (B.11)
with P bLI =
∑
K |cbLI(K)|2, while for the rest of the states in hannel I we
onsider a unique symmetri matrix AcLI(K
′, K) whih fulls
∑
K ′
AcLI(K,K
′)cbLI(K
′) = 0 , (B.12)
∑
K1,K ′1
AcLI(K,K1)A
c
L,I(K
′, K ′1)
∑
i 6=b
ci∗LI(K1)c
i
LI(K
′
1) = δK,K ′ −
cbLI(K)c
b
LI(K
′)
P bLI
.
(B.13)
Note that this proedure is equivalent to orthogonalize all the ontinuum states
with respet to the ground state, and then apply the demorati mapping
proedure to the ontinuum states.
It should be notied that the sum in K is extended in priniple up to innity.
Note that in this ase P bL,I = 1. In pratie, the sum is taken up to a maximum
value Km, whih is obtained to get onvergene in the alulations. So, in
general, P bL,I ≤ 1, speially for the higher partial waves, for whih L is lose
to Km. Note that, in ontrast to what was done in Ref. [6,20℄, no physial
meaning is attahed to the parameter Km, whih should be taken as large as
possible, until onvergene is ahieved.
In order to make use of the fat that T¯ (E) onserves the angular momenta of
the fragments, one an use the Raynal-Revai transformation [7℄:
|K,E;L, I, J〉 = ∑
LA,LB
|K,E;LA, LB, J〉〈LA, LB|L, I〉KJ . (B.14)
The states with dierent K values an be expanded to get states with denite
values of the kineti energy of eah fragment. We an write, in terms of the
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hyperangle,
|K,E;LA, LB, J〉 =
∫
dβfKLA,LB(β)|β, E;LA, LB, J〉 . (B.15)
This state an be haraterized in terms of a produt state of partiles A and
B with energies eA = E cos
2(β) and eB = E sin
2(β).
C Multiple sattering expansion of the T¯ operator
In this appendix we evaluate the on-shell matrix elements 〈β ′, E|T¯ (E)|β, E〉,
where the state |β, E〉 is an eigenstate of H¯0 = KA + KB, orresponding
to energies eA = E cos
2 β and eB = E sin
2 β. Analogously, the state |β ′, E〉
orresponds to e′A = E cos
2 β ′ and e′B = E sin
2 β ′. Note that E = eA + eB =
e′A + e
′
B. We an write expliitly
|β, E〉 = N(β)|eA, eB〉 , (C.1)
where N(β) =
√
E sin(2β) is the square root of the Jaobian of the transfor-
mation from {eA, eB} to {β, E}.
We onsider the multiple sattering expansion of the operator T¯ (E) up to
third order
T¯ (E)= TA(E) + TB(E)
+ TA(E)G¯0(E)TB(E) + TB(E)G¯0(E)TA(E)
+ TA(E)G¯0(E)TB(E)G¯0(E)TA(E) + TB(E)G¯0(E)TA(E)G¯0(E)TB(E) ,
(C.2)
where G¯0(E) = (E
+ −KA −KB)−1 is the free 3-body propagator and
TA(E) = λvAT + λvAT G¯0(E)TA(E) . (C.3)
The matrix operator TA(E) an hange the kineti energy of partile A,
through its oshell omponents, but it an not modify the kineti energy
of B. Hene, we an write
〈β ′, E|TA(E)|β, E〉 = δ(β − β ′)〈eA|tA(eA)|eA〉 , (C.4)
where we have introdued the operator
tA(eA) = λvAT + λvATgA(eA)tA(E), (C.5)
with gA(e) = (e
+ −KA) the free 2-body propagator. Note that the operators
TA and tA dier on the kineti operator appearing in the propagator. While TA
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is dened with the full kineti energy operator, i.e., KA+KB, the propagator
in tA ontains only the kineti energy operator assoiated with partile A,
KA. Therefore, TA should be understood as a three-body operator, whereas
tA orresponds to a two-body operator. For simpliity, in the following, we
drop the energy argument of the three-body operators TA, TB, G¯0, whih is in
all ases E, but we retain it in the two-body operators.
The ontribution of the seond order terms an be expressed as the sum of a
pole term and a prinipal part
〈β ′, E|TAG¯0TB|β, E〉= iπδ(β − β ′)tA(eA)tB(eB)
+
〈e′A|tA(e′A)|eA〉〈e′B|tB(eB)|eB〉
E − e′B − eA
N(β)N(β ′) , (C.6)
〈β ′, E|TBG¯0TA|β, E〉= iπδ(β − β ′)tA(eA)tB(eB)
+
〈e′B|tB(e′B)|eB〉〈e′A|tA(eA)|eA〉
E − e′A − eB
N(β)N(β ′) , (C.7)
where we have introdued the short notation tA(eA) and tB(eB) for the on-shell
matrix elements 〈eA|tA(eA)|eA〉 and 〈eB|tB(eB)|eB〉, respetively.
As for the third order terms we have
〈β ′, E|TAG¯0TBG¯0TA|β, E〉
=
∫
de′′A〈e′A|tA(e′A)|e′′A〉
1
E+ − e′′A − e′B
〈e′B|tB(E − e′′A)|eB〉
× 1
E+ − e′′A − eB
〈e′′A|tA(eA)|eA〉N(β)N(β ′) . (C.8)
To evaluate this ontribution we make use of the following identities
gA(e
′)gA(e)=
1
e− e′
(
gA(e
′)− gA(e)
)
(C.9)
tA(e
′)− tA(e)= tA(e′)
(
gA(e
′)− gA(e)
)
tA(e) . (C.10)
The seond of these expressions indiates that the operator tB(E− e′′A) an be
approximated by tB(eB), and the dierene would be of higher order in the
T -matrix expansion. Thus, one may write
〈β ′, E|TAG¯0TBG¯0TA|β, E〉
≃ 〈e′B|tB(eB)|eB〉〈e′A|tA(e′A)gA(e′A)gA(eA)tA(eA)|eA〉N(β)N(β ′) . (C.11)
Making use of the above identities, one gets
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〈β ′, E|TAG¯0TBG¯0TA|β, E〉
≃ 〈e′B|tB(eB)|eB〉
〈e′A|tA(e′A)|eA〉 − 〈e′A|tA(eA)|eA〉
eA − e′A
N(β)N(β ′) . (C.12)
A similar derivation for the other third order term gives
〈β ′, E|TBG¯0TAG¯0TB|β, E〉
≃ 〈e′A|tA(eA)|eA〉
〈e′B|tB(e′B)|eB〉 − 〈e′B|tB(eB)|eB〉
eB − e′B
N(β)N(β ′) . (C.13)
So, the sum of the two third order ontributions redues to
〈β ′, E|TAG¯0TBG¯0TA|β, E〉+ 〈β ′, E|TBG¯0TAG¯0TB|β, E〉
=
〈e′B|tB(eB)|eB〉〈e′A|tA(e′A)|eA〉
eA − e′A
N(β)N(β ′)
+
〈e′A|tA(eA)|eA〉〈e′B|tB(e′B)|eB〉
eB − e′B
N(β)N(β ′) , (C.14)
whih anels exatly the prinipal value part of the seond order terms,
Eqs. (C.6) and (C.7). Therefore, olleting these results, we have that the
on-shell matrix elements of the T¯ operator up to third order an be written
as
〈β ′, E|T¯ (E)|β, E〉 = δ(β − β ′)
{
tA(eA) + tB(eB) + 2iπtA(eA)tB(eB)
}
.
(C.15)
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